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Abstract. We prove several facts about the Yamabe constant of Riemannian metrics on general non- 
compact manifolds and about S. Kim's closely related "Yamabe constant at infinity". In particular we 
show that the Yamabe constant depends continuously on the Riemannian metric with respect to the fine 
-topology, and that the Yamabe constant at infinity is even locally constant with respect to this topology. 
We also discuss to which extent the Yamabe constant is continuous with respect to coarser topologies on 
the space of Riemannian metrics. 
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^ . 1. Introduction 

D I For a nonempty manifold M of dimension n > 3, the Yamabe map Ym assigns to every Riemannian 

C/^ ■ metric g on M a number Ym (g) G MU {— cxd}, the Yamabe constant of g, as follows. For each compactly 

I supported not identically vanishing function v € C°°(M, M>o), one defines 
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Q ' where p = Pn '■= and an ■= scalg denotes the scalar curvature of g. The Yamabe 
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constant of g is 

YM{g) := inf {^^(t;) | v G C~(M, M>o)\{0}} G MU {-oo}. 



Ym {g) depends only on the conformal class of g. The a-invariant of M is 
(N : := sup {YM{g) I g G Metr(M)}, 

where Metr(M) denotes the set of Riemannian metrics on M. Every metric g on an n-manifold satisfies 

YM{g) < a{S^) = Ysn{g,,) = n(n - 1) vol(5", ^st)'/", 
O ■ where g^t is the standard metric on the n-sphere 5". (See Section [2]for details and references.) 

^ . In the case when M is compact without boundary, the Yamabe constant and u-invariant have been 

^ I studied in hundreds of articles; cf. e.g. [3] IH |9] [lOl |22l and the reference lists therein. Several of these 

works involve also Yamabe constants of noncompact manifolds as a tool. Some articles where the 
noncompact case has been investigated for its own sake are |[ri|2j[T3][l4l[T8j[T9l|23. In most cases the 
focus was on special classes of noncompact manifolds and/or metrics, e.g. M x with compact A^, 
coverings of closed manifolds, or manifolds of bounded geometry. The aim of the present article is to 
'. state and prove several facts which hold for all manifolds and metrics. 

One of these results is that the functional Ym is continuous in a suitable sense. In the case of compact 
M, this was proved by Berard Bergery ||6] Proposition 7.2]. He stated only continuity with respect to the 
C°°-topology on the space of metrics, but the proof works obviously even for the (coarser) C^-topology; 
in this form the result is also given in [7 Proposition 4.31]. The proof is not completely trivial, because 
of the infimum that occurs in the definition of Ym- But it is still reasonably straightforward, and the 
application of Moser's lemma suggested in both references is not really necessary. 

In the present article, we discuss the continuity of Ym on noncompact manifolds M, where one has 
to distinguish between the usual (metrizable) compact-open C^-topology and the fine (also known as 
strong or Whitney) C^-topology, which is neither metrizable nor connected; cf. Section |3]for a review. 
One can also consider another natural topology on Metr(M), which we call the uniform C'^ -topology; 
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see Section [3j If M is noncompact, this topology is strictly finer than the compact-open C'^-topoIogy 
and strictly coarser than the fine C'^-topoIogy. 

A straightforward generalization of Berard Bergery's arguments yields the following result: 

1.1. Theorem. Let M be a nonempty manifold of dimension > 3. Then Ym is upper semicontinuous with 
respect to the compact-open -topology on Metr(M). If M is compact or YM{g) = —oo, then Ym is 
continuous at g with respect to the compact-open C^-topology. If M is noncompact andYM{g) > —oo, 
then Ym is not continuous at gfor any compact-open C^-topology on Metr(M) with G N U {oo}. 

The Yamabe map has better continuity properties with respect to the uniform C^-topology (recall that 

for / G C~(M, M), the function /_ G (7°(M, M>o) is defined by /_(a;) = - min{0, f{x)}y. 

1.2. Theorem. Let M be a nonempty manifold of dimension n > 3. Then the Yamabe map Ym is upper 
semicontinuous with respect to the uniform C^-topology on Metr(M). At every metric g G Metr(M) 
which satisfies YM{g) = — oo or admits constants e, c G M>o with \RiCg\g < c(l + |scalg|) and 
II (scalg — e)- II j^n/2(g) < oo, the Yamabe map is continuous with respect to the uniform -topology. 

However, there exist metrics at which the Yamabe map is not continuous for any uniform C'^-topology 
with A; G N U {oo}. Such metrics can have scalar curvature and bounded Ricci curvature, so the 
sufficient criterion above cannot be generalized to e = 0: 

1.3. Example. Let n > 4, let N be a nonempty closed (n — l)-manifold with o'{N) > 0. Then N admits 
a Riemannian metric h with scal/j = such that for the product metric g := h + dt'^ on M := N xW, the 
Yamabe map Ym is not continuous at gfor any uniform C^-topology on Metr(M) with /c G N U {oo}. 

Even with respect to the fine C^-topology, it is not obvious that the Yamabe map is continuous at 
every metric: the infimum in the definition makes the situation on noncompact manifolds even more 
nonlocal than in the compact case. An argument sharper than Berard Bergery's yields our main result: 

1.4. Theorem. Let M be a nonempty manifold of dimension > 3. Then the Yamabe map Ym is contin- 
uous with respect to the fine C^-topology on the space of Riemannian metrics on M. 

This shows that the fine C^-topology is the correct topology in the context of the Yamabe map on 
noncompact manifolds, as one might have expected. Therefore we do not mention other topologies on 
Metr(M) in the following results. 

Theorem 1 1 .4 [ implies that for each r G M U {— oo} the set of (7 G Metr(M) with YM{g) = r is closed 
with respect to the fine C^-topology on Metr(M). For r = —00, a stronger statement is true: 

1.5. Theorem. Let M be a nonempty manifold of dimension > 3. Then the set of g £ Metr(M) with 
YM{g) = —00 is open and closed with respect to the fine C^-topology on Metr(M). 

S. Kim |[T8iri9l introduced another, closely related, functional Y = Ym on the space Metr(M) of 
Riemannian metrics on a noncompact n-manifold M: For a chosen compact exhaustion (Kj)jgN of M, 
one defines 

Fm(5) := lim Ym\kM ^ ^(5")] , 

where the restriction of g to M\Ki is suppressed in the notation. The limit exists and does not depend 
on the chosen exhaustion (cf. l2.8l below). We call Y M{g) the Yamabe constant at infinity of g. 

1.6. Theorem. Let M be a noncompact manifold of dimension > 3. Then Y m is locally constant (in 
particular continuous) with respect to the fine C^-topology on Metr(M). 

In contrast, Ym is certainly not locally constant, because YM{g) can be changed continuously by 
modifying g on any compact subset K of M while keeping it fixed outside K. 

Several general statements hold for the Yamabe constant and the Yamabe constant at infinity: 

1.7. Theorem. Every Riemannian metric g on a noncompact manifold of dimension n > 3 satisfies: 
(1) -\\{scalg)_\\^^/2^g^ <YM{g) <YMig). 
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(2) IfYMig) < 0, then Y M = -oo. 

(3) IfYMig) = -oo, then Y M{g) = -oo. 



For some remarks and a conjecture related to Theorem ll.7([ri . see Section |5l 

1.8. Theorem. Let M be a nonempty manifold of dimension n>2> each of whose connected components 
is noncompact. Then: 

(1) The image ofYM is an interval which contains —oo and 0. Thus < a{M) < a(S^). 

(2) IfM is diffeomorphic to an open subset of a compact n-manifold, then < a{M). 

1.9. Remarks. 

(1) If a metric g on n (possibly noncompact) manifold M of dimension > 6 satisfies Ia/ (g) = 
(j{S^), then g is locally conformally flat, by Aubin's local argument Q, 11211 proof of Thm. B]. 
Whether this generalizes to dimension 3, 4, or 5 is unclear. A simply connected n-manifold M 
with n > 3 admits a locally conformally flat metric if and only if it can be immersed into S"" 
ll23l pp. 49-50]. A noncompact connected n-manifold can be immersed into 5" if and only if it 
is parallelizable; cf. 12.11 I below. Thus for many noncompact manifolds M of dimension n > 6 
(e.g. all simply connected nonparallelizable ones), cr(S'") does not lie in the image of Ym- 

(2) We suspect that (t{M) = a{S") holds for every noncompact connected n-manifold M; then for 
such M, the image of Ym would always be either [— oo, (t(5")[ or [— cxd, a{S^)]. 

(3) By Theorems I l.SlfTI ) and ll.7[ the image of Ym contains — oo and a nonnegative number, but no 
negative real number. Hence it is not an interval. We don't know any other lower or upper bound 
on the number of "gaps" it has. Nor do we know whether there exists a manifold M for which 
the image of Ym contains an interval of nonzero length. We suspect that every noncompact 
connected n-manifold M admits a Riemannian metric g with YM{g) = For each such 
M which is diffeomorphic to an open subset of a compact manifold, this is true: ll20l Theorem 
3.1] implies that YM{g) = cr{S^) holds for any g which is the puUback of a metric on the 
compact manifold (note that the completeness assumption in that theorem is irrelevant because 
each conformal class contains a complete metric). 

In the following Sections [2l[3j we review relevant definitions and basic facts, in particular about the 
Yamabe constant and topologies on Metr(Af ). The rest of the article contains the proofs of the theorems 
and of Example 1 1.3 1 The proofs are not presented in the order of the theorem numbers but in such a way 
that every result has been proved before it is applied in other proofs. 

2. Preliminaries 

2.1. Conventions. G N. The words manifold, metric, map, section etc. mean smooth objects, except 
when explicitly stated otherwise. Manifolds are pure-dimensional and second countable and do not have 
a boundary; thus the notions closed manifold and compact manifold are synonymous. 

2.2. Compact exhaustions. Let M be an n-manifold. A compact exhaustion of M is a sequence 
{Ki)i^^ of compact subsets Ki of M such that for every i £ N, Ki is contained in the interior of 
Ki^i in M, and such that M = IJigN 

Every manifold admits a compact exhaustion. Every compact exhaustion {Ki)i^fq of a compact man- 
ifold M satisfies Ki = M for all sufficiently large i. If a compact exhaustion (iCj)jgN of a connected 
manifold M satisfies Kj+i = Ki ^ for some i, then M = Ki (because Ki is open, closed and 
nonempty), thus M is compact. 

2.3. Upper and lower semicontinuity. Let X be a topological space, let x € X. A function / : X — )• 
M U {— oo} is upper [resp. lower] semicontinuous at x iff the following is true: 

• If f{x) G M, then for every e G M>o there exists a neighborhood U of x such that f{y) < 
/(x) + e [resp. f{y) > f{x) — e] holds for afl y £ U. 

• If /(x) = — oo, then for every c G M there exists a neighborhood U of x such that f{y) < a 
[resp. f{y) > — oo] holds for all y £ U. 
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/ is upper [resp. lower] semicontinuous iff it is upper [resp. lower] semicontinuous at each x ^ X. 

In the article [6], the notions of upper and lower semicontinuity are mixed up. This has been corrected 
in 17] Proposition 4.31]. 

In addition to the notations which occuned in the introduction, we will use the following ones: 

2.4. Notations. Let M be an n-manifold. 

• Our sign convention for the Laplacian A^: C°^(M, M) — > C°°(M, M) with respect to a Rie- 
mannian metric g is AgU = — diVg(dM), i.e. A^u = — Yll=i %^ i'^ Euclidean space. 

i 

• |RiCg|g G C°(M,M>o) is defined by |RiCg|g(x) = ( ^"^-^-^ RiCg(ei, ej)^)^^^, where Ric^ is the 
Ricci tensor of g and (ei, . . . , e^) is any g-orthonormal basis of T^M. 

• Letg G M>i. The L'?(5)-norm of V E CO(M,M) is \\v\\Li{g) := [ Jj^jvi &^lgf''^ e [0,oo], 
where A^g denotes the density on M induced by g. The L'^{g)-norm of a 1-form a on M is 
110^1^9(9) \\W\g\\Li{g)- For a measurable subset A of M, the norm ||.||L9(A;g) of a function or 
1-form on M is defined in the same way as ||.||2,9(g), just with instead of J^^. 

• For Riemannian metrics g,h on M, ^ e C°°(M, M>o) is defined by d/i/j = dfig. 

• For / G C°(M,M), the functions f± G CO(M,M>o) are defined by /+(x) = max{0,/(x)} 
and f-{x) = — min{0, /(x)}, respectively. 

• Let /c G N. We define the C^{g) -norm of a (smooth) section h in the vector bundle Sym^T*M 
over M by ||/i||(7fc(g) := ELo ^up {|V*/i|g(x) | x G Af } G [0,oo], where V*/i = V • • • V/i 
denotes the ith covariant derivative of h with respect to the Levi-Civita connection of g. 

For K C Af, the "norm" ||/i||c'=(i<:;c,) of a section h in Sym^r*Af — )• Af is defined in the same 
way as ||/i||(^fc(g), just with the suprema over M replaced by suprema over K. If K is compact, 
then all values of 1 1 . 1 1 (^fc ^^^.^^ are finite and 1 1 • 1 1 is indeed a norm, and all such norms induced 
by different metrics g are equivalent. 

2.5. Yamabe constant and cr-invariant. Notation and terminology are not standardized: the letters 
fi and Q are often used instead of our Y, definitions might differ by a factor a„, and some people 
call YM{g) the Yamabe invariant, whereas others call the o"-invariant the Yamabe invariant of M. We 
therefore avoid the term Yamabe invariant entirely. The Yamabe constant, a-invariant terminology and 
the letter Y seem to become more and more standard anyway. 

Let Af be a nonempty n-manifold. The Yamabe constant is a conformal invariant: For every g G 
Metr(Af) and u G C°°(Af, R>o), the conformal metric g := u'^/^"'-^'^g satisfies Eg{v) = Eg{uv) 
for all V G {M ,R>o)\{0} , hence YMig) = Yuig). (This follows by partial integration from 
A^-g = ^/^"/("-^M/Xg and scal^ = «-("+2)/("-2)(a„Agn + scal^-u) and |du;|? = u'^'^''-^^\Aw\l.) 

Hence also the Yamabe constant at infinity of a noncompact manifold is a conformal invariant. 

Eg{v) = Eg{cv) holds for all g G Metr(Af) and c G M>o and v G C°°(A/, M>o)\{0}. This implies 

YM{g) = iTii{Eg{v) I V G Cr(Af,M>o), |b||i2„/(„-2)(^) = 1} 

for any metric h G Metr(Af ). We will use this fact repeatedly in the present article. 

Whenever (7 is a metric on M and [/ is a nonempty open subset of M, we will denote the Yamabe 
constant of the restriction of g to U by Yu{g); i.e., we suppress the restriction of the metric in our 
notation. The same convention applies to Y. 

2.6. Fact. Let M,N be nonempty n-manifolds with n > 3, let l: N ^ M be a smooth embedding. 
Then each Riemannian metric g on M satisfies Y]\f{L*g) > YM{g)- Thus cr{N) > a{M). 

Proof. For every v G C;?°(iV, M>o)\{0}, we consider the function v G C~(Af, M>o)\{0} defined by 
V o i = V and supp(7}) = i(supp('t;)). Since Eg{v) = E^*g{v), we obtain Y]^{L*g) > YM{g). □ 

2.7. As mentioned in the introduction, YM{g) < a{S^) holds for every nonempty n-manifold M and 
g G Metr(Af ). This is stated and proved for closed M in |21, Lemma 3.4], and the proof for arbitrary 
M consists of exactly the same local argument involving test functions with supports in a small ball. 

4 



2.8. Let M be a noncompact n-manifold, let {Ki)i^j^ be a compact exhaustion of M, let g G Metr(M). 
In the definition of the Yamabe constant at infinity I^a/ (5), the sequence (yA/\i<-j (5)) jgp^ in M U {—00} 
is monotonically increasing by Fact 12.61 because M\Ki^i C M\Ki holds for each z € N. Since the 
sequence is also bounded from above by o"(5"), the limit limj^oo ^MViTilff) exists in [—00, a{S^)\. 

Let {K[)i^'^ be another compact exhaustion of M. For every i G N, there exists a number G N 
with K'- C Kji^f^. Fact |23] yields YM\K'S.g) < Ym\Kj^,^{9) < linij-^oo >M\iC^ (5) for each i, hence 
limj^oo ^M\i^'(5') ^ li™j^oo Y^^Xiid)- For symmetry reasons the reversed inequality holds as well. 
Thus YM{g) does not depend on the chosen exhaustion, as we claimed in the introduction. 

2.9. Remark. Recall that we did not define Ym in the case when M is empty; thus Y uig) is defined only 
for noncompact manifolds (because every compact exhaustion of a compact manifold M is eventually 
constant M). For a fixed dimension n, a natural choice in the case M = would be Y0{g) := criS^) for 
the unique g G Metr(0). Then the assumption of M being nonempty could be omitted in the Theorems 
11.11 11.21 and 11.41 Moreover, Y m (g) would be defined in the same way as above for each metric (7 on a 
closed n-manifold M, and it would be equal to cr( 5" ). 

2.10. Remark. Without further comment we will often use Holder's inequality in the following form: 
For n £ N>3, let p = Then 

\\v'^w\\L^{g) < \Hlp(g)\\w\\L^/2ig) 

hold for all manifolds M and g G Metr(M) and v,w £ C°{M, R), because 1 = | + ^. 
In Remark [L91 ITI). we made the following claim: 

2.11. Fact. Let n > 0. A noncompact connected n-manifold can be immersed into S"" if and only if it is 
parallelizable. 

Proof. Let M be a noncompact connected n-manifold. First we prove that M can be immersed into S"" 
if and only if it can be immersed into M". The "if" part is obvious. For "only if", let / : M — 
be an immersion, let x G S*". The set D := /^^({x}) is discrete and closed in M because / is a 
local diffeomorphism. Since M is noncompact and connected, there exists an open subset M' of M\D 
which is diffeomorphic to M (choose a smooth triangulation of M, use a diffeomorphism M ^ M 
to move all elements of D away from the (n — l)-skeleton, and apply |[T5l Theorem 3.7]). The map 
/Im'-M^M'^ ^ W is an immersion. 

It remains to prove that AI can be immersed into M" if and only if it is parallelizable. The "only if" 
part is true because the immersion puUback of a tangent frame on M" is a tangent frame on M. The "if" 
part is an application of Smale-Hirsch immersion theory; cf. |[T5l Theorem 4.7]. □ 

3. The three topologies 

In this section we briefly review the compact-open and fine C'^'-topologies. (The latter is also known 
as the strong or Whitney C'^-topology |fT6l ; we follow Gromov [12] in calling it the fine C'^-topology.) 
After that, we define another natural topology on the set of Riemannian metrics, which we call the 
uniform C^-topology. It has probably been considered in the literature before, but we don't know where. 

3.1. Definition (the fine C'^-topology). Let be a fiber bundle over a manifold M, let A; G N U {00}. 
The fine -topology on the set of (smooth) sections in E is defined by declaring at each section s a 
neighborhood basis ^k{s) as follows ll24l p. 9]. A section ^ in the A;-jet bundle J^E over M can be 
identified with its graph, i.e. with the image graph (^) of ^ in the total space of J^E. We define l(k{s) to 
be the set of open neighborhoods of graph (j'^s) in the total space of J'^E. For U £Uk{s), we consider 
the set Afu of sections sin E with graph (j'^s) C U. Then 

^fc(s) := {Mu \U€Uk{s)}. 

Metr (M) is the set of sections in the fiber bundle Sym^T* Af over M, whose fiber over x consists of the 
positive definite symmetric bilinear forms on T*M. Thus a fine C'^-topology is defined on Metr(M). 
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3.2. Examples. Let ^ be a fiber bundle over a manifold M, let A; E N U {oo}, let F e C^{J^E, M>o), 
let e G C'^(M, M>o), let s be a section in E with F o j^s = 0. Then the set of sections s m E with 
F o j^s < e is an open neighborhood of s with respect to the fine C'^-topology: since F, e and the 
projection pr: J^E M arc continuous, the set [7 = {?] G J^E \ F{ri) < e(pr(r/))} is an open 
neighborhood of graph(j'^s), and thus the set Mu of sections sin E with F o j^s < e is fine C'^-open. 

For instance, let g G Metr(M). If F: j'^Sym\T*M R is one of the following maps, then the set 
of /i G Metr(M) with F o j^/i < e is an open neighborhood of g with respect to the fine -topology: 

(1) F: j^h I-)- \scalh{x) — scalg(x)|. 

(2) F: jlh ^ max{||a|| - l| | a G T*M, \a\g = l}. 

(3) F:jlh^\^^^{x)-l\. 

(4) F:jlh^\A{^)\^{x). 

(5) F:j2/,^|A,(^)(x)|. 

(The maps (2), (3) even define fine C'^-neighborhoods, and (4) defines a fine -neighborhood. But we 
will later use only that they are fine -neighborhoods.) All these maps F are well-defined because the 
right-hand sides contain at most second derivatives of h, and the continuity is easy to check in each case. 

3.3. Definition (the compact-open C'^-topology). For topological spaces X, Y , the compact-open topol- 
ogy on the set of continuous maps X h well-known. Let Ehca fiber bundle over a manifold M, let 
k G N U {oo}. We consider the map from the set of (smooth) sections in E to sections in j'^E which 
sends each s to its A;-jet prolongation j^s, and we equip the set of sections in J^E with the subspace 
topology of the compact-open topology on the space of continuous maps M — )• J^E. The compact-open 
C^-topology on the set of sections in E is the coarsest topology which makes j'^ continuous. 

The following basic facts are well-known |[T6l p. 35-36]: 

3.4. Facts. Let A; G N U {oo}. The compact-open C'^-topology on Metr(M) is metrizable and path- 
connected (for gQ,gi G Metr(M), the path {gt)te[o,i] given by gt := (1 — t)go + ^91 is continuous). For 
k < oo, a sequence {giji^n in Metr(M) converges to 5 G Metr(M) with respect to the compact-open 
C'^-topology if and only if for some (and hence every) auxiliary metric h G Metr(M) (e.g. h = g) and 
for every compact subset K of M, the sequence {\\gi — g\\ck[K;h))ie^'i converges to 0. If M is compact, 
then the fine C'^-topology on Metr(M) is equal to the compact-open C*^ -topology on Metr(M). If 
M is noncompact, then the fine C'^-topology on Metr(M) is (much) finer than the compact-open C^- 
topology. For instance it is neither first countable (hence not metrizable) nor connected. For metrics 
gQ,gi G Metr(M) which differ outside each compact subset of M, every path from g^ to gi, in particular 
the map [0, 1] — Metr(M) given by 1 1— )• (1 — t)gQ + tgi, is not fine C'^-continuous. The compact-open 
(resp. fine) C°°-topology (considered as a set of open sets) on Metr(M) is the union of all compact-open 
(resp. fine) C^-topologies on Metr(M) with A; G N. For / G N U {00} with / > k, the compact-open 
C'-topology on Metr(M) is finer than the compact-open C'^-topology, and the fine C' -topology on 
Metr(M) is finer than the fine C'^-topology. 

Consider a section sq in a fiber bundle E over a noncompact manifold M. Each neighborhood of sq 
with respect to the compact-open C'^-topology contains sections s such that the values s{x) and sq{x) 
are, intuitively speaking, farther and farther away as x tends to infinity in M. Whereas, again intuitively 
speaking, for each element s of a typical neighborhood of sq with respect to the, fine C'^-topology, the 
values s{x) and 50(2;) become closer and closer as x tends to infinity in M. (Similar intuitive statements 
involving derivatives of sq,s apply to the higher C'^-topologies.) A topology with the property that, 
for a typical element s of a typical neighborhood of sq, the distance of sq{x), s{x) stays uniform as x 
tends to infinity can in general make sense only after one has equipped the fibers of E with an auxiliary 
metric which defines what is meant by "distance" and "uniform". The resulting topology will then 
depend strongly on that auxiliary metric. But in the special situation where E = Sym^T*M, a uniform 
topology can be defined without reference to an auxiliary metric: 

3.5. Definition (the uniform C'^'-topology). Let M be a manifold, let G N. We define the uniform C^- 
topology on Metr(Af ) by declaring at each g G Metr(M) a neighborhood basis ^^'j^{g): for e G M>o, 
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we let A/'g,£,fe := {h G Metr(M) | \\h - g\\ck(^g) < e} and ^'f,{g) := {Mg,e,k I ^ S M>o}. We define 
the uniform C°°-topology on Metr(M) to be the union of all unifonn C'^ -topologies (considered as sets 
of open sets) on Metr(M) with /c G N. 

Proof that this defines a neighborhood basis of a topology on Metr(M). Each ^'f.{g) is nonempty, and 
each Mg^e,k contains g. For every two elements Mg^eo,kMg,ei,k of ^'k{g), the set Mg^eo,k n Mg^ei,k 
contains an element of =^^(5), namely A/'g_min(eo,ei),fc- ^ 

The uniform -topologies are natural objects in particular when one considers Riemannian metrics 
on product manifolds M x N with compact M and noncompact N. The compact-open topologies 
are much too coarse to control the Yamabe constant even near product metrics, as Theorem 11.11 shows. 
Whereas the fine topologies are much too fine for instance for a reasonable discussion of 1-parameter 
families of product metrics guit) ® sat on M x A^, because they make such a 1-parameter family con- 
tinuous only if it is constant. In contrast, the uniform C'^-topology makes such a 1-parameter family 
continuous if and only if {gM{t))te9. is a C'^-continuous family (the fine/uniform/compact-open distinc- 
tion plays no role here because M is compact); moreover, it makes the Yamabe map continuous at many 
product metrics (provided k > 2), as one can see from Theorem 1 1.3 1 This is what one would intuitively 
expect from a nice topology on Metr(M x A^). Unfortunately, Example 11.31 shows that the uniform 
topologies do not make YmxN continuous at every product metric. 

3.6. Facts. Let M be a manifold, let k, I G NU {00} with I > k. The uniform C'^ -topology on Metr(M) 
is coarser than the uniform C'^ -topology. It is finer than the compact-open topology, and it is coarser 
than the fine -topology; in particular, it is equal to both these topologies if M is compact. If M 
is noncompact, then the uniform C^-topology on Metr(M) is neither equal to any compact-open C^- 
topology nor equal to any fine -topology. 

Proof. If / G N, then every uniform C'^ -neighborhood Mg^s,k of 5 S Metr(M) contains a uniform 
-neighborhood of g, namely Ng^ej. Thus the uniform C'^-topology is coarser than the uniform C'- 
topology if / G N. The same holds by definition of the uniform C°°-topology also for I = 00. 

Every uniform -neighborhood Mg^s,k is a fine C*^ -neighborhood of g: since |V*(/i — g)\g{x) de- 
pends continuously on /i, there exists a neighborhood U of graph (j'^' 51) in J^Sym^T*M such that the 
elements of 

Mg^e,k = {h£ Metr(M) | Y!1=o^^^V {Y^Kh - g)\g{x) | x G M} < e} 

are precisely those h G Metr(M) with graph(j'^/i) C U. Thus the uniform C'^-topology is coarser than 
the fine C*^ -topology. 

For C M and U C J^Sym\T*M, let MK,u,k ■= {h G Metr(M) | Vx G i^: j^h G U}. 
By definition of the compact-open C'^-topology, the sets M.K,u,k such that K C M is compact and 
U C j'^Sym^T*M is open form a subbase of the compact-open C'^-topology. We claim that each of 
these subbase elements is uniform C'^-open. In order to check this, we consider an element g of M.K,u,k- 
Since U is open and K is compact, there exists an e G M>o such that |V*(/i — g)\g{x) < holds 
for all h G M-K,u,k and x G K and i G {0, . . . , A;}; here V denotes the Levi-Civita connection of g. 
Therefore the uniform C'^-open set Ng^s^k is obviously contained in M.K,u,k- As this is true for every 
g G M.K,u,k^ the set M.K,u,k is indeed uniform C^-open. This proves that the uniform C'^-topology is 
finer than the compact-open C'^-topology. 

The uniform C^-topology is not equal to any fine C"'-topology if M is noncompact, because the 
uniform C'^-topology is by definition first countable, whereas the fine C'-topology is not if M is non- 
compact; cf. Facts l3.4l 

The uniform C'^ -topology is not equal to any compact-open C-topology if M is noncompact: We 
take any metric g on M and any / G C°°{M, M>o) which is not bounded from above, and we consider 
7: [0, 1] — )• Metr(M) given by ^{t) := (1 — t)g + tfg. This 7 is compact-open C-continuous at 0, 
because limf_^o||7(*) - 7(0)||c'{if;7(o)) = limt\oi||(/ - 'i^)9\\c-(K;g) = holds for every compact 



subset K of M. But 7 is not uniform C'^-continuous at 0: For the neighborhood Mg^i^k ^ -^9,1,0 of 
g = 7(0), there does not exist any 5 G M>o with Vt € [0, 5] : 7(t) G ■^g,i,k- That's because 



hit) - gho(„) = - f)9\\c0(o) = t sup 1(1 - f)g\ (x) = t sup v^dim(M) - 1| = 00 

for each t € M>o. Thus the uniform C'^ -topology differs indeed from the compact-open topologies. □ 

We leave it to the interested reader to state and prove further properties of the uniform C'^-topology. 
In the present article it serves only as an instructive intermediate step between the compact-open and fine 
topologies which clarifies nicely the continuity properties of the Yamabe map, in particular at product 
metrics on product manifolds one of whose factors is compact. All we have to know in that context are 
the facts listed above and Lemma flO. 1 I below. 

4. Proof of upper semicontinuity 
The proof of the following fact generalizes directly the one for closed manifolds ||6l Proposition 7.2]. 

4.1. Lemma. Let M be a nonempty manifold of dimension n > 3. Let Metr(M) be equipped with the 
compact-open C'^ -topology. Then Ym is upper semicontinuous. In particular, Ym is continuous at each 
metric g with YMig) = —00. 

Proof. For each v G C^(M, M>o)\{0}, the map Metr(M) — ^ M given by g ^ Eg{v) is continuous 
with respect to the compact-open C^-topology: Since this topology is metrizable, it suffices to show 
that whenever a sequence {giji^n in Metr(M) converges to g, then Ymii^oo E g^{v) = Eg(v). For 
the compact set K := supp(?;), the convergence of {gi)i£n to g implies linij^oolbi — 9\\c^{K;g) = 0' 
which yields obviously limj_j.oo||scalg^ — scalg||f;0(^) = and linij^oo — l'i'^lg||(70(_R') ~ ^ 

limj^oo 11^^ ~ ~ ^' ^^^^ li™i^oo Eg^{v) = Eg{v). Hence g 1— Eg{v) is indeed continuous. 

Recall that whenever X is a topological space and y is a nonempty set and / : X x y — )• R has the 
property that /(., y) : X — )• M is continuous for every y £ Y, then the map X — )• M U {—00} given 
by x I— )• mf{f{x,y) \ y € Y} is upper semicontinuous [8, §IV.6.2, Corollary to Thm. 4]. Applying 
this to X = Metr(M) and Y = C;?°(Af, M>o)\{0} and /: {g,v) H> Eg{v), we see that Yg is upper 
semicontinuous with respect to the compact-open C^-topology. □ 

4.2. Corollary. Let M be a nonempty manifold of dimension > 3, let k G N>2 U {00}. Let Metr(M) 
be equipped either with the compact-open C^-topology or with the uniform -topology or with the fine 

-topology. Then Ym is upper semicontinuous. It is continuous at each metric g with YM{g) = —00. 

Proof. Each of the considered topologies is finer than the compact-open C^-topology. □ 

5. Proof OF Theorem [LT] 

Proof of Theorem [7771 17]). By Fact 12. 61 YM{g) < Ym\k{9) holds for all compact subsets K of M. Thus 

Ynig) < YM{g). In order to prove — ||(scalg)„||^„/2(^) < YM{g), we apply the Holder inequality 

2 

p 



to each v G {M ,M>o)\{0} (using \\v\\lp = \\v'^\\lp/2 and | + f = 1 for j5 = ^) and take the 



infimum over v afterwards: 



Im {an\dv\l + sca\gv^)dfig /^(scalg)- i'^ d/i 



5.1. Remarks. In the estimate YM{g) < YM{g), equality is possible. Clearly we have YM{g) = YmIo) 
if YM{g) = o"(S'"). If Yjxfig) = —00, then Theorem II. 7 Il3l ) will give equality. Moreover, if {M,g) is 
almost homogeneous in the sense that there exists a bounded subset U of M such that for each x G M 
there is an isometry of M with f{x) G U, then YM{g) = Ym{9)'- see IT3] Remark 14]. 

Equality in — ||(scalg)_ ||2,n/2(g) < YM{g) can also occur. For instance, if M is closed and scal^ is a 
nonpositive constant, then we have equality. For closed manifolds, scal^ being a nonpositive constant is 
the only possibility to get equality (this is easy to deduce from the Aubin-Schoen theorem [.21,1 which 



implies that the infimum in the definition of Y]\j{g) is achieved at some v). On noncompact manifolds 
equality holds also e.g. if YM{g) = — oo. 



While ||(scalg)_||^„/2(g') < oo implies 1^/(5) > —oo, the converse is in general not true: forinstance, 
the n-dimensional hyperbolic space has Yamabe constant a{S"'), but satisfies ||(scalg)_||j;^„/2(g) = oo 
because of its infinite volume and constant negative scalar curvature. That the two conditions are not 
equivalent should not be surprising: YM{g) is a conformal invariant of g, but the L"/^((7)-norm of 
(scalg)_ is only invariant under rescalings of g by constants. We expect that this is the only reason for 
the failure of equivalence: 

5.2. Conjecture. Let M be a nonempty manifold of dimension n > 3, let g ^ Metr(M). Then YM{g) = 
— oo holds if and only i/ 1| (scalg-)_ ||^„/2(-^) = c« holds for all metrics g in the conformal class of g. 

For instance, hyperbolic space is conformal to a subset of Euclidean space with || (scalg)_ ||^„/2(g) = 0. 

Proof of Theorem [7771121 ). Let YM{g) < 0. Assume that — oo < Ym{9)- Let p = pn- We choose 
a compact exhaustion {K'^)i>i of M and define Kq := 0. We will construct recursively a compact 
exhaustion {Ki)i>i of M and a sequence {vi)i>i in C^{M, M>o)\{0} such that the properties 

supp{vi) Q Ki\Ki_i, Eg{vi) <YM{g) + ^, \\vi\\Lp(^g) = I 

hold for alH > 1. 

When Kj and Vj have already been constructed with these properties for all j G N with 1 < j < 
i, we find Vi as follows. Since M\Ki^i contains M\K'- for all sufficiently large j. Fact 12.61 yields 

Ym\k,^^{9) < YM\Kr{9) for all sufficiently large j. This implies YM\K,_^{g) < Yuig)- Thus there 
exists a function vi € C^(M\i<'j_i, M>o) with Eg{vi) < Y M{g) + ^ and ||vj||LP(g) = 1. We let 
Vi G C°°(M, R>o) be the extension of Vi with supp(i;j) = supp(z)j) and define Ki := K'^^-y where 
m(0) := and m{i) := min{j G N | j > z, j > m{i — 1), supp(t)j) C Kj\dKj}. This completes the 
recursive definition of {Ki)i>i and {vi)i>i. 

For each i > 1, the properties supp(t;j) C Ki\Ki^i and Eg{vi) < YM{g) + ^ and = 1 

hold by construction. The sets Ki form a compact exhaustion of M because {Kl)i>i is a compact 
exhaustion of M (each x G Af lies in some Kj and thus in Kj, and each Ki lies in the interior of -fCj+i 
because K'^^.^ lies in the interior of Thus {Ki)i>i and {vi)i>i have the claimed properties. 

For j, A; G N with < < j, we consider Wj^k ■= Yli=k+i \M\Kk ^ C^{M\Kk,R>o). Using 
that the supports of the functions Vi are pairwise disjoint, we compute: 



n=fe+id^^i| +scalg(E-=fc+i^i) )d^5 
Ym\kM < Eg{w,,k) = ^ — -^j^ 



M 



P 



V] / ( a„|duip + scalguf )d/Xp 



(j - k)-'/^ E 



3 \ 2/p 

<ij-kr'/'nu-k)YM{g)+ jz ji] 

\ i=k+l / 

<{j-kfl^YM{9) + 2. 

Since yA/(<^) < 0, this tends to — oo as j — )• oo. Thus we obtain lAf\A'fe(S') = — oo for each k, in 
particular Y M{g) = — oo, in contradiction to our assumption. Hence Yuig) = — oo. □ 
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Proof of Theorem [TTtIIS] ). Let Yuig) = — oo. We argue by contradiction and assume Y m{9) > — oo. 
Then there exists a compact subset Kq C M with yA/\A'o(5') > — oo. We choose a compact subset 
Ki of M whose interior contains Kq, and a smooth cutoff function r] G C°°{M, [0, 1]) which is 1 on a 
neighborhood of Kq and vanishes on a neighborhood of the closure of M\Ki. Theorem [LTJT} impUes 

YKi\dKA9) > -Il(scalg)_||in/2(^^.g) > -oo. Let p = p„, let t> e C^{M,R>q) with /^^I'Pd/Ug = L 
Since r/v G C;?°(i^i\(9A"i, M>o) and (1 - ri)v G C;?°(M\i^"o, K>o), we obtain: 

^9(^) = y (an|d(??i' + (1 - + scalg(77w + (1 - r/)u)^^ d^g 

= j (an\d{riv)\^g + scalg{r]v)^^dfig + j (^a„|d((l - r/)?;) |^ + scalg((l - 7/)v)^^ d/i^ 

/ f \ 2/p / /■ \ 2/p 

+ 2 / (an(^r]dv + vdri,{l—r])dv — vdri'^ + scalgi] {1 — ri)v'^j dfig 

> mm{YK^\QKAg), O} + mm {Ym\Kq{9), O} - 2||scalg t? (1 - r/)||^„/2^^^ 

+ 2a„ / r]{l-r])\dv\ldng + an (2?j dt;, (1 - 2r/) d??) d^g - 2a„ / ?;^|d7/|g d/ig 

JM JM 

> mm {YK^\QKAg), O} + min { y^y^^ (5) , O} - 2||scalg||^„/2^^^^^^.^^ 

+ 0-a„ / v^divg{{l-2rj)dr])dfig-2an\\\drjfg\\^„^2(g) 

JM ^ ' 

> mm {YK^\QKAg), O} + mm {YM\Koi9) , O} - 2||scalg||^„/2^^^^^^.^^ 
- a„||divg((l - 2r/)dr/)||^„/2^^^ - 2a„|||d77|^||^„/2^^^. 

This is a finite number independent of v. Hence YM{g) > —00, a contradiction. □ 

6. Preparations for the fine continuity proofs 

6.1. Lemma. Let n G N, let {Ki)i>Q be a compact exhaustion of a Riemannian n-manifold {M,g), let 
i^i)i>0 CI sequence of positive real numbers. Then there exists a function 5 G C°°(Af, M>o) which 
satisfies for every i > the inequalities 6 \M\Ki ^ 

^^^^gW L"/-2{M\K,,g) - II^S'^llL"/2(M\A'„g) - 

Proof. We define K'_i := and K[ := Ki\{Ki^i\dKi^i) for i > 0. For each i > 0, we choose a 
function /3j G C°°{K'-, [0, 1]) which is constant 1 near K'-_^ D K[ and is constant near K[ n K[^^. We 
define recursively e'_^ := 1 and := mm | ^e^_i, ffi} G M>o for i > 0. For all j > i > 0, this implies 
e^. < 2-(^-'hi. Thus 

V^>0: J]e;. < J]2-(^-*)e, = 6,. 

j>i j>i 

We let 5_i := 1 and, for all i > 0, 
(5i := mill \ 6i-i, Ei, — , — rTTXTli , ha ,0 11 \ > 0. 

[ \\^\\L"/2{K'.,g) + \\^'^^h\\L'^/'2(K'-,g) + \\(^Pi\\L"{K'.,g) + \\^9Pi\\L"/2(Kl,g) ) 

The function 5 G C°°(M, M) given by = ((5j — (5j+i)/3j + <5i+i is positive because ((5i)i>o is a 
monotonically decreasing sequence of positive numbers. It satisfies 5 \ M\Ki < for every i > 0, 
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because (5i)i>o is monotonically decreasing with 5\x' < 5j < £i- Since M\Ki C |Jj>i-^j holds for 
every z > 0, we obtain for f > 0: 



(5 seal, 



9|lL"/2(M\ii'i,g) 



- X] ll'^^'^^^9llL"/2(i<'j,g) - X]'^^' 1 1 ^'^^^S 11^2(^-^ ,3) < - 



j>i 



j>i 



d6 



L"iM\K,,g) 



\^9^\\L"/2(^M\Ki,g) 



j>i 



□ 



6.2. Lemma. Let n G N, /ef (-ftrj)jgN fl' compact exhaustion of a Riemannian n-manifold {M,g), let 
(ej)j(=N a; sequence of positive real numbers. Then there exist a fine -neighborhood lA of g and a 
function 5 G C°°(M, M>o) such that the following conditions hold for all h G U: 

(1) V«GN: 6\M\K,<£i and M\L-^/2i^M\K„g) ^ and ||(Jscalg||^„/2(jv/\/^^,g) < 

(2) Vx E M: Va € r^*M: ||a|| - |a|2| < (5(x)|q|2. 



(3) 
(4) 



scalg — scal/i | < 5. 



1 _ ^!££iL 



(5) Vf G N: 



< (5. 



L"{M\K,,g) 

Proof. For each i G N, we choose Ei G M>o so small that 



L-^/^(M\K,,g) 



<Si. 



3ei + 2if^ <ei. 



We apply Lemma [6ni to the sequence (ei)i(=N and obtain a function 6 G C°°{M, M>o) with the properties 
stated in Lemma [Ol but with ii instead of ej. Then condition (1) holds, because Vi G N: < The 
Examples 13.21 imply that g has a fine -neighborhood U such that every h & U satisfies 

(a) |scal/i — scalgl < 5; 

(b) G M: max{||a|2 - l| | a G r*M, |a|g = 1} < 5{x); 



(c) 



1 < 5; 



(d) |d 



I < <5. 



Property (b) yields condition (2): that's because \ \a\\ — |a|g| < holds for a = 0, and because 



for a G r^M\{0}, /3 := a/\a\g satisfies 



1 and thus 



1 < 5{x), which imphes that a 



satisfies \\a\j^ — \ct\g\ < 5{x)\a\g. The properties (a) and (c) yield (3) and (4), respectively. It remains 
to verify (5). Using \ — <\ — 5 \ M\Ki ^ 1 and (c) and (d), we obtain on M\Ki: 



(l-^)d(fe)-fcd5 



dfj.g 



< 



d(te) 



V2 



<6 + \d6\g. 



+ A/^|d<5|, 
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Hence, because of 5 < 1 and the properties stated in Lemma |6TT] 



Vi G N: 



< 



(/ 



< 



L"iM\K„g) \JM\K., 
1/n 
9 I + ^' 



Jm\k, 



(5" d/i, 



1 1/2 



1/n 



+ \\<iS\\L"-{M\K,;g) 



ll"llL"/2(M\ii-,;g) 

Thus the first inequality in (5) holds. Similarly we get from (c), (d), (e): 



+ ei< \/£i + ei< JTi. 



hence 



(1 - '^)A.(fe) - - 2(d5,d(^)>^ < b + 2|A,5| + 25 |d5|,; 



+ 2||'^ILn(M\E'„9) \^^\L--{M\Kug) 



< + 2ei + ly/EiEi 

<£,;. 



Thus also the second inequality in (5) holds. 



□ 



6.3. Corollary. Let n G N, let (M, g) he a Riemannian n-manifold, let e G M>o- Then there exist a fine 
C^-neighhorhood lA of g and a function 6 G C°°(M, M>o) such that the following conditions hold for 
all h G U: 



(1) 5 < e and 



lLn/2(g)<e and ||5scalg||j^„/2(jv/,. 



(2) Vx G Af: Va G r^*M: ||a|^ - \a\l\ < S{x)\a\l. 



(3) 
(4) 

(5) 



scalg — scal/i | < 6. 



1 _ ^i£h 



< 6. 



< £ and 



Ln/2(g) 



< e. 



Proof. We choose any compact exhaustion (i^j)j>o of M with ii'o = and consider the sequence 
(£i)i>o with \/i : Si = e. The claim of the Corollary is the i = statement of Lemma lOl □ 



7. Fine CONTINUITY: proofs of the theorems [774] and [TT6] and II. 5 1 

Proof of Theorem lL4\ By Corollary 14.21 with respect to the fine C^-topology Ym is upper semicontin- 
uous, and continuous at every g with YM{g) = — oo. It remains to prove lower semicontinuity at each 
g G Metr(M) with YMig) > -oo. For such a g, let G ^>o- 



Let p = We choose e G ]0, 1[ so small that 



[il-e)-^/P-l)\YM{g)\<eo, 
+ e)-'^'{l-ef)\YM{g)\<eo. 



l-il 



(1) 



There exist a fine -neighborhood U of g and a function 5 G C°°(M, M>o) with the properties stated in 
Corollary 16.31 For every h £ U and every v G C^(M, M>o) with fj^^ dfih = 1, we have to estimate 
Eh{v) from below. 
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Since 5 < e < 1 byOl), we can consider w = - 6))^^'^ v £ C~(M, ]R>o)\{0}. With 

I6.3r 2.3). we obtain: 



Eh{v) = an / \dv\ldnh+ / scal/^ d/i,, 
Jm Jm 

>«n/ (l-5)^Kd^.,+ / ^(scal,-5)^2d^^ 



> a„ / |dw| d^g 



d/i„ 



- 2a„ (.d., - 5))^/^d((J^(l - 6)f'))^d^^, 

+ scal,(l - 5) 1^ t;^ d/., - scal,(l - 5) d^, + ^ (seal, - 5) d/x. 



d/i„ 



Y A, ( (1 - 5)) d^, + 5 seal, dM, - /^^ 6 d^,. 



Corollary 1631 4') yields 1 - e < 
Using this estimate and l6.3r i.5) and 



< 1 + e. Thus \\v\ 



< (1 - e)-i/P 



\LP{h) 



(1 - e)-i/P. 



|g|i^5scal3||^„/2^^^ < ||a|7^||^^(g) ||(^scal<;||^„/2^^j < 2 ||(5scalg||^„/2^^^, 



we obtain: 



Eh{v) > >M(5')lkllip(g) - 



e 



1/2 



|(1 - II A(|^(l - ||^„/,(^) - 2(1 - ||<^scal,||,„/.(^) 

.\-2/b II sril 

L"/2(g) 



-2(l-e)-2/P 



>n.(<7)lk||i,(^)-6(l-erV^(^+4' 

> ^M(5)lkllip(3) -eo- 

Since = (i _ j)d^ < {I - 6){l + (5)^^ < by Corollary lEl 1,4), we have 

< (1 - e)-^/^ < (1 - e)-'/^ = (1 - 

On the other hand, w'^ = {1 - 5)^ v'^ > {I - 5)^v'^ > (1 - efv^ yields 

> (1 + > (1 + e)-^/^(l - = (1 + e)-'/P{l - ef. 
Therefore we obtain from ([T): 

\l-ey^l'PYM{g)-eo ifi^M(5)<o' 
(1 + e)-2/p(i _ ef YM{g) - eq if YMig) > 



^ft(?j) > 



> Yuig) - 2eo. 



This holds for all v G C^{M,R>o) with Jj^jv'Pd^h = 1 and thus for all G Cc°°(M, M>o)\{0}. 
Taking the infimum over all such v yields 1m (^) > 1m(5') — 2eo- Since for every eq G IR>o there exists 
a neighborhood U of g such that this is true for all h gU, the map Ym is lower semicontinuous at g. □ 

Following essentially the same proof we would see that also Y m is continuous with respect to the 
fine -topology. But we will show even more: that is locally constant. 

Proof of Theorem [7761 We have to show that each g G Metr(M) has a fine -neighborhood on which 
Y M is constant. Let (i^j)jgN be a compact exhaustion of M. We first study the case where lM\ft:j(, ig) > 
— oo holds for some io G N. By Fact l2.6[ 1a/\a', (g) > ~oo holds then for all i > iq. 
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For i > iQ, there exists a f j S (7°°(M, M>o) which has compact support in M\Ki and satisfies 
Ibill-LPCg) = 1 ^i^d Eg{vi) < Yn.j\p^-{g) + For Ai := /j^^(scalg)_ dfig (which is a finite number 
because Vi has compact support), we choose G M>o so small that 

(1 - e^)-^/p({l + e^fr^ + {ef + 3ei)A + (1 + < 2^^, 

V / (2) 

(l-e,)-2/f(l + e,)2|y^,\^^(g)| < \YM\KM\+i'' 

and 

1 - (1 + -^0') I (9)1 <i-'- 



We choose ej S M>o arbitrarily for i < iq. For the resulting sequence (ei)igN, there exist a function 
5 G C°°(Af, M>o) and a fine C^-neighborhood U of g with the properties stated in Lemma ld!2l We 
obtain for every h eU and every i> iq: 

Ym\kS^) < Eh{vi) = WviWll^) an / \dvi\ldfih + / scalhvfdfih 

\ Jm\k, Jm\k, J 

(an I (1 + e,)' \dv,\l d^i, + / (5 + seal,) vf ^ dA 

I (1 + Eif Eg{vi) - (1 + Eif / scalg vf diJLg 
\ Jm\k, 

^ Im\K S^'^^S + i^+^i)¥\\L^/HM\Ke,g)j ■ 

Using -Ef - 2,Ei = (1 - Ei) - (1 + Ei)^ < ^^\m\k, - (1 + e*)^ < (1 + - (1 + ei)^ < 0, we get 



< \\v\\-^ 



< (^^ + ^^)'^5(''^) + XAi^ -(l + ei)')scalg7;fd/i3 + (l + £,)£* j 

( (1 + ei)2^g(7;,) + / ((1 + Eif - ^) (scalg). v^i diJig + (1 + 



< \\v\\-^ 



< \\v\\-^ 



(1 + EifEg{vi) + (e^ + 3e,) / (scalg)_ vf d^g + (1 + e^^i 
\ Jm\k, 

((1 + E,f{YM\KS9) + ^"^) + (e? + 3e,)^, + (1 + e,)£i) • 



< ml 

Since (1 - Eif/P < lbi|lip(M\i^,;h) ^ (1 + ^0^^^ and vl^ > and 2 - | > 0, we obtain from © in the 
ca&eYM\K,{9) < 0: 

^ ^ (1 + g^)^^-^ + (e? + 36.)^. + (1 + gQe. , (1 + e^? Ym\kM ^ .s^2 
YMXK.ih) < (1 _ e,y/p + {TTWp + 7' 

and in the case Ym\k, is) > 0: 

YMXK^h) < (1 - e,r/p + — (1 - e,)2/P — ^ yM\K.{g) + -■ 

As this holds for every i > io, we have YM{h) < YM{g) for all h ^U. 

The proof of y a/ (^) ^ ^A/ (5) works now almost exactly as the estimates in the lower semicontinuity 
part of the proof of Theorem 11.41 We replace every e by Ei, replace every M by M\Ki, replace every 
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eo by r \ consider test functions v G C^{M\Ki, M>o)\{0} instead of v e C^{M, M>o)\{0}, define 
w := (1 — 5)) ^^"^v as before, use Q instead of ([T|l, and apply tlie properties of 6 and U from Lemma 
16. 21 instead of Corollary 16.31 For each i > iq, we obtain in this way Eh{v) > ^Af\Xi(5) ~ for all 
V G C^{M\Ki,M>o)\{0}, hence YM\K,{h) > Ym\kM " 2^"^ This implies Fa/(/i) > Fa/ (5). 

Thus each 51 G Metr(M) with lAf\A'i(5) > "Oo has a fine C^-neighborhood U on which Fa/ is 
constant. 

It remains to consider the case where ^a/ \Xi id) = ~oo for ^ G N. For every z > 0, there exists a 
function Vi G C^{M\Ki,R>o) with ||fi||LP(g) = 1 and Eg{vi) < —i. For Ai := J^^(scalg)_ vf A^g, 
we choose G M>o so small that the first inequality of Q is valid. There exist a fine C^-neighborhood 
U of g and a function G C°°(Af, M>o) with the properties stated in Lemma ld!2l The same estimate as 
above yields 

Ym\kS^) < \\vi\\LP(h) (1 + £ifEg{vi) + (ef + 3ei) / (scalg)_ d^ig + (1 + ei)ei 
^ ' V Jm\k, j 

^ {X^EifEgivj) (1 + + (£,2 + SeQ^^ + (1 + eQg^ 

Since this holds for all i > 0, we obtain Y ui^) = -co for all h ^U. 

Hence, in each case, every g €U has a fine -neighborhood on which Ym is constant. □ 

Proof of Theorem [731 Y^^^({— 00}) is fine C^-closed in Metr(M) because of Theorem 1 1.41 Theorem 

11.7111131) tells us that Y^^{{—oo}) is equal to y^/({— 00}). Theorem 1 1 .61 implies that Fj^/d— 00}) is 
fine C^-open in Metr(M). □ 



8. Proof OF Theorem [L8] 

8.1. Lemma. Let {M,h) be a closed Riemannian manifold of dimension n > 2. If n > 3, assume 
YM{h) <0.Ifn = 2, assume that M has negative Euler characteristic. Then there exists an ih G M>o 
such that for every i G [ih,oo[ and every Riemannian metric g on M xM. which coincides with h + dt^ 
on M X [0, 3i], the inequality YMxRid) < — holds. In particular YMxRih + dt"^) = —00. 

Proof. Let p = -^^pl^Z2- dim(M) > 3, then by the solution of the Yamabe problem on closed 
manifolds, there is a function w G C°°(M, M>o) with Eh{w) = Im(^) and = 1, where 

q = Since Ya/(^) < 0, there exists a number ih > such that 

|2 



8«n|k||^2(fc) /(^^y YMjh) _ .l/{n+l) 

1+2/p ||,,,||2 o2/p|L,,||2 



holds for all i G [ih, oo[. For such an i, let 51 be a Riemannian metric on M x M which coincides with 

h + dt^ on M X [0,3i]. 

We choose a function G C°°(M, [0, 1]) with supp(uj) C [0, 3i] and Ui |[j^2i] = 1 and |n^| < |. 
Then i < HuilUj^j^^ and ||n^|||2(]R) < ^ • 2i = f and i^/p < ||ni|||p(j,-, < (3z)2/p, hence 

ll"illL2(R) ^ 8 II^»IIl2(R) ^ i i2/(n+l) 



We consider the function Vi G C°°(M x M, IR>o)\{0} defined by Vi{x, t) := w{x)ui{t). 
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Since scalg(3;,t) = scal/j(a;) and d(a,^t)Vi(z, 1) = Ui{t)dxw{z) + w{x)u^{t) for all {x,t) GMx[0,3i] 
and z G T^M, and since a„,+i = < ^^^~2^^ = Un and YM{h) < 0, we obtain: 



= yf, < 

'AfxK / V^Mx[0,3j] 



an+i\dv£ + scalgvf]dfig / ( an\dvi\l + scalgvf)d^g 

J . JMx[0,3j] V / 



\ 2/p — / /. \ 2/p 

<d/ij ( / ^^fd^g 



,/ v?diih- \ {u'i)^dt+ (an\dw\l + scalhw^]dfih- uf dt 

Jm y[0,3i] Jm V / J[0,3i] 

W^d^lh - / <dt 
M J[0,3i] / 

_ Il^'lli2(^) II^^IIl2(R) + ^M{h)\\Ui\\\2(^^'^ 

SQ'^ll^lli^W .2/(n+l) ^A/(^) < _.l/(n+l) 



Thus YM^^{g) < Eg{vi) < ^ndYuMh + df) < inf{-ii/(n+i) | i e [4,oo[} = -oo. 

It remains to prove the case where M is a closed 2-manifold with x{^) < 0- There exists an 
ih G K>o with 

VZfc[i/i,00[. .4/3||,||2 •^1/3||1||2 - ^ " 

We take w = 1 and define Ui, Vi as before. Using the Gauss-Bonnet theorem J^^ scal^ djjLh = 47rx(M), 

) for i > i}^: 

(^^\\M\h{h) \K\\hiR) + j^^ (^a3\dw\l + scalhw'^^dfih\\ui\\l2^^) 



we obtain similarly as above (with p = = 6) for i > ih- 



EJn 



g\'-'t I — 11112 IIII2 

Sasllll'^^ 



^«3||l||^2(fe) /3 47rx(M) _ 

- ,-1+2/6 in ||2 01/3 in 112 

Thus yMxR(5) < ^sl^'i) < -i^'^ and yMxR(/i + dt^) < inf{-ii/3 | i ^ [^^^ oo[} = -oo. □ 

8.2. Lemma. Let m,n G N>3, let go be a Riemannian metric on the open n-ball B^. Then there is a 
metric g € Metr(i?") with Yb^ (g) < —m which coincides with go outside a compact subset K of B^. 

Proof. Let M be an (n — 1) -dimensional compact submanifold of B^ which admits a Riemannian 
metric h of scalar curvature —1 (and hence Ym(^) < if n > 4, and x{M) < if n = 3): If 
n > 4, we can choose M diffeomorphic to 5""^^; if n = 3, we can choose M diffeomorphic to a 
closed orientable surface of genus 2. There exist a relatively compact (tubular) neighborhood U of M 
in B"- and a diffeomorphism : M x M — )• [/. Let i^. be as in Lemma 18.11 (with the n there replaced 
by n — 1). We choose a number i > it with i^/" > m, and a Riemannian metric g on whose 
restriction to ip{M x [0, 3i]) is {ip~^)*{h + dt^) and whose restriction to B'^''\U is g^. This yields 
< YMy.M.{v*g) < -i'l^ < -m by Fact|^6]and LemmaHJ] □ 

Proof of Theorem [7751 17]). From Gromov's h-principle [11. Theorem 4.5.1] (which holds for manifolds 
each of whose connected components is noncompact) we know that there exists a metric go € Metr(M) 
with positive scalar curvature. Clearly, 1^/(50) ^ 0. Hence < a{M) < (t(S'"). 

We choose an embedded open n-ball B in M. For any m £ N>3, Lemma W2\ gives us a metric gi 
on M which coincides with go outside a compact subset K of B and satisfies Ysigi) < —m, hence 
also YM{gi) < —Tn by Fact 12.61 We consider the path g: [0, 1] — Metr(M) from go to gi given by 
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g{t) := (1 — t)gQ + tgi. This path is continuous with respect to the fine C^-topoIogy on Metr(M): for 
every to G [0, 1] and every neighborhood U of graph(j^(5(to))) in J^Sym^T*M, the set of t G [0, 1] 
with graph(j^((7(t))) C [/ is open in [0, 1] because all g{t) coincide outside the compact subset K of 



According to Theorem 1 1.41 the map [0, 1] — )■ MU{— oo} (which actually takes only values in R) given 
by 1 1— )• YM{g{t)) is therefore continuous, being a composition of continuous maps. Thus [—m, Y]\j{gQ)] 
is contained in the image of Ym- Since this holds for every m, the interval ]— cxd, YM{go)] is contained 
in the image of Ym- 

It remains to show that there is also a metric h G Metr(M) with YM{h) = — oo. We choose a 
compact exhaustion {Ki)i^ii of M and a sequence of open balls Bi C this is possible: since 

M is noncompact, each Ki^i\Ki has nonempty interior. Lemma W2\ yields for each i G N a metric hi 
on Bi which coincides outside a compact subset of Bi with g^ and satisfies YB^{hi) < —i. We define 
h G Metr(M) by = hi for every z G N, and h = go on M\[j-^j^ Bi. By Fact 12.61 we have 
YM{h) < YB-{h) = YB^ihi) < -i for all i; hence YM{h) = -oo. □ 

Proof of Theorem [7751 12]). If the n-manifold M, each of whose connected components is noncompact, is 
diffeomorphic to an open subset of a closed n-manifold M, then there exists an embedding i : M — >• M 
such that for each connected component C of M the set C\i{M) has nonempty interior. (Let C be a 
connected component of M such that Mc := C n i(M) is nonempty. There exists a smooth embedding 
7: [0, 1] — C with 7~^(Mc) = [0, 1[. Moreover, there is a closed tubular neighborhood A in Mq 
of the image of 7 |[o,i[ such that Mc\A is diffeomorphic to Mq- Taking l L-i(c) to be the inclusion 
L^^{C) = Mc = Mc\A — )• C for each C, we obtain an embedding l with the claimed property.) We 
choose such an embedding and identify M with i{M). 

We extend the constant function a„ on M to a function s G C°°(M, M) which is somewhere negative 
on each connected component of M; this is possible because C\M has nonempty interior for each 
connected component C of M. By [17, Theorem 1.1], M admits a Riemannian metric 'g with scalar 
curvature s. The metric g := i*g on M has constant scalar curvature a„. 

Let p = pn- By the Sobolev embedding theorem on {M,g), there is a constant c G M>o such that 
< c||u||j|^i,2(g) holds for all u G C°°(M,M). Every test function v G C^(M, R>o)\{0} can 
be extended by to a function v G C°°(M, M>o)\{0} and thus satisfies 



9. The compact-open discontinuity of the Yamabe map: proof of Theorem I1.1I 

Proof of Theorem [7771 For the compact-open C^-topology, upper semicontinuity of Ym and continuity 
at metrics g with YM{g) = —00 have been proved in Lemma l4~n If M is compact, then the fine 
C^-topology coincides with the compact-open C^-topology, so Theorem 11.4! vields the compact-open 
C^-continuity; of course this continuity was already known from [7. Proposition 4.31]. It remains to 
show that if M is noncompact, then at each metric g G Metr(M) with YM{g) > —00 the Yamabe map 
Ym is not (lower semi)continuous with respect to the compact-open -topology (and hence neither 
with respect to any other compact-open C'^-topology). 

Theorem ll.StfTI) says that M admits a metric g^ao with Ym(5-oo) = —00. We choose a compact 
exhaustion {Ki)i>Q of M and define {gi)i>o in Metr(M) by 



M. 



This yields Eg{v) > an/c 




□ 




on Ki 

on M\A'i+i 
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and on Ki^i\Ki in an arbitrary way such that gi becomes a smooth metric on M. Then {gi)i>o con- 
verges to g in the compact-open C°°-topology: since every compact subset of M is contained in some 
Kj, we have \\gi - g\\cr(K;g) < hi - 9\\c-iKy,g) = for i > j and all r e N. 

By Theorem 1 1.7113] ). YM{g~oo) = —oo imphes limj_^oo ^A/\iti(5'~oo) = — oo. Since the sequence 
(^Af\/^j(5-oo)) j>o monotonically increasing, it must be constant — oo. 

Hence YM{gi) < YM\K,+A9i) = ^M\x,+i (5-oo) = -oo for all i > 0. But the hmit metric g 
satisfies YM{g) > — oo. This shows that Ym is not compact-open C°° -continuous at g. □ 

10. Preparations for the uniform continuity proof 



10.1. Lemma. Let M be a manifold, let e G M>o. Every g G Metr(M) has a neighborhood lA with 
respect to the uniform C^-topology such that the following properties hold for all h G U: 



(1) Va G T*M: \\a\ 



a 



(2) 
(3) 



scal/i 



< £■ 
scaL 



^91 — 2 1^^ i^^^^gigj 

Remark. The occurrence of |RiCg|g on the right-hand side of ([3) is not surprising, because the lineariza- 
tion of g scalg [7, Theorem 1.174(e)] involves the Ricci tensor. But in order to prove the lemma, 
also the remainder term in the Taylor expansion has to be estimated on arbitrary noncompact manifolds. 
Therefore it is hard to avoid the slightly tedious elementary arguments in the following proof. 

Proof. Since M>o 9 t i— j is continuous, there exists a G M>o such that |i — l| < e holds for all 
t G M>o with \ t — l\ < 6. We claim that every h G J^g,5,o satisfies ([T|l. In order to prove that, we consider 
h G J^g,5,o and X G M and a G T*M. The spectral theorem yields a (7-orthonormal basis (ei, . . . , e„) 



< e\a\g. 



iRiCgIg). 



of TxM which is also /i-orthogonal; thus there are /ii , . . . , G M>o with Vi, j : h{ei,ej) 
condition /i G 7Vg,5,o implies — < 6, i.e. 5"^ > X]",=i(^(ei, Cj 

j_ 

hi 

) is an /i-orthonormal basis of TxM): 



The 
1?. 



In particular Vz : — 1| < 5, hence Vi: l^- — 1| < e. For the numbers aj := a(ei), we compute (using 



that (/i^ ^^"^ei, 



n ^ n 



< 



E 



1 



2 I 1 2 

o-i < £\a\g. 



=1 ' i=i 

This proves our claim; in particular, every element h ofUi := ^fg^5^2 Q ■^g,5,o satisfies ([1]). 

Since (]R>o)" B (ti, . . . , t„) 1— )■ Y[7=i continuous, there exists a number 62 G M>o such that 

I n"=i \/^ - l| < e holds for all (ti, . . . , t„) G (M>o)" with \fi : \ti - 1| < S2. We claim that every 
h G Mg^s2,o satisfies In order to prove that, we consider h ^ U2 and x G M and again a g- 
orthonormal basis (ei, . . . , e„) of T^M which is also /i-orthogonal, and we define /ii, . . 
We obtain 



hn as before. 



(x) 



d/ih(ei, 



dfig{ei,. . . ,e„) 



1 



A /'l,-l/2 1.-1/2 

dij.h[h^ ei,...,hn er 



dp.g{ei,. . . ,en) 



1/2 



1 



1/2 



1 



1| < (^2 holds by the same argument as above, we get | — l| (x) < s. This is true for 



Since Vi : \h. 

every x G M, which proves our claim; in particular, every h GU2 : 
There exists a (small) number 63 G ]0, 1[ with 

n63 e 2n2 / 3n6^ 383 



^g,52,2 ^ K 



satisfies ([2]). 



e 

1-53-2' i-S3\2{l-63y ' 2(1-53; 

Let U3 := J\fg^s3,2- We claim that dS]) holds for every G U3. 

Let X G M. We choose a basis (ei, . . . , e^) of T^M with the same properties as before and define 
hi, . . . ,hnin the same way. Existence of normal coordinates at x tells us that there are local coordinates 
(xi, . . . , Xn) around x such that the corresponding coordinate vector fields di, . . . ,dn satisfy at x the 



+ 



+ 



2n^ 



1-^3 V2(l-53 



< 



equations di{x) 



ei and Tf- (x) 



for alH, j, A; G {1, . . . , n}, where T^- are the Christoffel symbols 



of the metric g with respect to the local coordinates. As usual, g'^^ and h^^ denote the elements of 
the inverses of the matrix-valued functions {gij)ij=i...n and (/iij)ij=i...n given by gij = g{di,dj) and 
hij = h{di,dj). At X, they satisfy g'^^{x) = 6ij and h^^{x) = -^Sij. Let T^j denote the Christoffel 
symbols of h with respect to our local coordinates. In the following, all sums run from 1 to n. 



From h G Ng^Sz,2, we deduce Vi : iJa > — 1| as before; moreover, with V denoting the Levi-Civita 
connection of g and using Vg = 0, 

2 / \ ^ 

5l > \Vh\lix) = {i^aMdj,dk)) (x) = [^^hJk -^.^IM -^T\,hiA (x) 

i,j,k i,j,k I I 

= ^{dihjkf{x) 



and 



6l > \VVh\lix) 



i,j,k,l 



i,j,k,l ^ ^ m m ' ' 



(x) 



i,j,k,l ^ m m 

Hence we obtain for alH, j, A;, / G {1, . . . , n}: 

h>\h-il 

h > \dihjk\{x), 



(x) 



(4) 



63 > 



Recall that the Christoffel symbols are given by f = ^ h^"^{dahbm + dbham — dmhab)- Since 
every function A G C~(M",GL(n)) satisfies di{A-^) = -A-'^{diA)A-^, we get 



2 /if-' hr] 



dahbm + dbham " d^hab ] {x 



+ (dddahc + dddbhac - dddchab^ (x). 



(5) 



Using the symmetry F^^- = F^^, we obtain from dUi: 



dddahc + dddbhac - dddchab - 2hcddT[ 
= {dddahc - hddVlb - hddTlc) 

+ {dddbhac - hcddn^ - haddTl) - {dddchab - hddT'^a - haddr%)\{. 

<353. 
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Together with ^ and (011, this yields 



(^)<E 



'd'l'cm 



2hrhr 



(x) 



+ 



dddahc + dddbhac - dddchab - 2hcddTl 



(x) 



< 



35| , 3(^3 
3n(5i 353 



+ 



2(1-^3)2 2(1 -<53)' 

The well-known local coordinate formula for scalar curvature tells us that 



SCal,(x) = 5"" UKb - dbK, + E ^abKd - E rirg,) (X) = E (^cF^, - daK:) (X) 



and 



scal,(x) = E h'^' [dcK, - d,K, + E f ffef - E g,) 



E 



d d 



ad 



/in 



The local coordinate formula for Ric^ yields for each a G {1, . . . , n}: 
iRiCgIg > |RiCg(ea,ea)| 



E ( ^(^^aa ~ '^cX'ac + E ^'o.o^'cd ~ E ^'a.c^^ad j 
c ^ d d ^ 

E(5crL-9ary (x). 

c 

Using the estimate (which follows from dD) 

(^) < ^ E + d^K^ - dmhab) (X) < 



(x) 



we obtain finally: 
|scal/i — scalg|(x) 



< 



E 
E 



2(1 -is)' 



ha 



(x) 



{dcK,-dcK,)-{daK,-dar 



+ E 

a,c,d 



ha 



aa^ cd ac^ ad 



(^) + E 



(x) 

I -ha 



h„ 



E (5cr^, - daVl 



(x) 



< 



2n2 / 3n(5i 



+ 



3<53 



+ 



2n3 / 3^3 



l-(^3 V2(l-<53)2 2(1 -(^3)7 1-53 V 2(1 -53) 7 1-5: 



+ .^'^l |RiCg|g(x) 



< -(l + |RiCg|g(x)). 

This is true for every x S M , which proves our claim. 

The uniform -neighborhood U := Ui nU2 nU^ of g has the desired property. 



□ 



10.2. Corollary. Let M be a manifold, let e G M>o. If g ^ Metr(M) admits a constant c G M>o with 
|RiCg|g < c(l + |scal|g), then it has a neighborhood lA with respect to the uniform C^-topology such 
that the following properties hold for all h £ lA: 

20 



(1) Va E T*M: 



a 



a 



(2) 
(3) 



scal/i 



< e\a\g. 



< e. 
scaL I 



< ^ 

— 2 



(1 + Iscalgl). 



Proof. We apply Lemma [lO. II to e := instead of e. Let h be an element of the resulting uniform 
-neighborhood U of g. Since e < e, we obtain our properties (1), (2) from the properties (1), (2) of 
[TaT] Moreover, |scaU - scalg| < |(l + |RiCg|g) < |(l + c + c|scalg|) < f (l + |scalg|). □ 



11. Continuity with respect to the uniform topology: proof of TheoremI1.2I 



Proof of Theorem \L2\ Upper semicontinuity and continuity at metrics with Yamabe constant — oo fol- 
low from Corollary 14.21 It remains to prove lower semicontinuity at each metric g G Metr(M) with 
YAiig) > — oo for which there exist constants 5, c G ]R>o with ||(scalg — S)-\\Ln/2(^g-^ < oo and 
iRiCgIg < c(l + Iscalgl). 

We start with the case 6 = 1. Let eq € ]0, 1[. Let p = pn. There exists a (small) e G ]0, 1[ such that 



3,(^7 _e){l-e)-'/P\\{scalg- 1)4^^,,^^^ 



and 1 



-]\YMig)\<eo. 



Let 



A:= <x £ M 



B 
C 



{ 

G M 



(1 + eflP 



f(l-f) '<scal,(x)}, 
0<scalg(x) < 1(1-1)-^}, 
scalg(x) < o|. 



We choose a uniform -neighborhood of U with the properties stated in Corollary 110.21 For every 
h£Uwdv C^{M, M>o), we have 



>-{l-ef j scalgv'^dfj.g + {l-e) j ((l - |)scalg - |) v"^ dfig 

= 1(1 -e) / (scalg - l)v^d^ig 
J A 

> -§(1 -^)_^(scalg - l)-v'^dfig > -|(1 -e) ||(scalg - 1)- ||i„/2(^.g) \Hlp(A;g) 



>-|(l-e)||(scalg-l)_ 



and 



d/i„ 



>-{l-efj scalgv'^dfig + {l + e) j (^{l - ^)scalg - v'^ dfig 

> |(5 — 3e) / scalg v"^ d^g — |(1 + e) / dp,g > |(5 — 3e) / (scal^ — 1) v'^ dfig 
Jb Jb Jb 



>-|(5-3e)||(scalg-l)- 
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and 

- (1 - e)' scalg diig + (scalg - ||scalg| - ^ d/ig 

>-{l-ef j sca\gv^dng + {l + e) J ((l + |) scalp - |) d/Xg 

= f(7-£) / scalg v"^ djig - ^{1 + e) / v'^d/ig > |(7-£) / (scalg - 1) v"^ dfig 
Jc Jc Jc 

> -§(7- £) II (scalp - l)-||^„/2(g) IHlp^g) ; 

hence, using J^yPdug = /m < (1 - e)"^ JMV^^f^h- 

- (1 - e)2 /" scalp d^^ + [ (scalp - ||scalp| - f ) d/Xp 

> -|e(7-e) ||(scalp- 

> -§£(7 - e){l - e)-^/P II (scalp - l)-|L„/2(^) ||t;||ip(;,) ■ 
We get for all /i G W and u G C~(M,M>o) with ||?;||Lp(h) = 1: 

En{v) = anf \dv\l ^ d/Xp + / seal;, ^ d^p 

>{\-ef f an\dv\ldfig+ f (scalp -||scalp|-f)t;2^dMp 

= (1 - ef (^Eg{v) \\v\\%^g^ - scalp v'' d/Xp^ + (scalp - ||scalp| - f) d/Xp 

> (1 - ef Yuig) ||i;||ip(p) - §£(7 - - e)-^/^ ||(scalp - • 

Since (1 + e)-^IP = (1 + e)-^^ ||^|||^^^^ < ||^||2^^^^ < (1 - e)-VP ||^,||2^^^^ = (i _ we 
obtain in the case Ym (g) > 0: 

(1 - sf Ym{9) > (T^^ ^Mig) = YM{g) -{l- \yM{g)\ > Yuig) - so; 

and in the case 1m (5) < 0: 

(1 - ef YM{g) MUg) > -^^^ YM{g) > YM{g), 

because 2 — 2/p > 0. This yields in each case: 

Ehiv) > YM{g) - 2eo , 

hence YM{h) > YM{g) — 2eo. Since there exists for every G 1^>o a uniform C^-neighborhood U 
such that this holds for all /i G the Yamabe map is indeed lower semicontinuous in the case 5=1. 

Now we consider an arbitrary 5 G M>o. Because of our assumption on g, the metric g = 6g satisfies 
|RiCp|p = ||RiCp|p < |(1 + |scalp|) = |(1 + 5|scalp|) < c(l + |scalg|) for c := cmax {l, j}, and 

[ ((scalp - l)-)"/'d/Xp = / (i(scalp - S)Y^^ S^/^ d^ig = [ ((scalp - (5)-)"/'d/Xp < 00. 

Jm Jm ^ ' Jm 

Thus the case we have proved already (applied to ^, c instead of 5, c) yields lower semicontinuity of Ym 
at ^ and hence, by conformal invariance of Ym, also at g. □ 
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12. Discontinuity with respect to the uniform topology: proof of Example 1 1.3 



Proof of \L3\ Since (t{N) > 0, there exists a metric h G Metr(A^) with Yj^{h) > 0. Like every 
nonempty closed manifold of dimension > 3, admits a metric h' with Y]\j{h') < 0. We choose a 
smooth path {ht)te[o,i] in Metr(A^) with /iq = h' and hi = h. Let to := min{t G [0, 1] | Y^^ht) = 0} 
(the minimum exists because Yj\i is continuous). By the solution of the Yamabe problem for closed 
manifolds, the conformal class of ht^ contains a metric fc^y = f'^htg with scalar curvature 0. For 
t € [0, 1], let kt := and gt := h + dt^. Then YNih) = YNih) < for all t < Iq. Thus, for 
all t < to, Lemma [8?T] implies YM{gt) = — oo. On the other hand, YM{gto) ^ because scal^^^ = 0. 
Every uniform C°° -neighborhood of gt^ contains metrics gt with t < t^, because for each r G N, 

Wat - 9to\\c-{gto) = \\h - ho\\c-{kto) = Wfiht - hto)\\c-ikto) ^nds to as t ^ to- Hence Ym is not 
continuous at gtg with respect to the uniform C°°-topology, and thus not continuous with respect to any 
uniform C'^-topology. □ 
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